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BLOWDOWNS AND MCKAY CORRESPONDENCE ON FOUR
DIMENSIONAL QUASITORIC ORBIFOLDS
SAIBAL GANGULI AND MAINAK PODDAR
Abstract. We prove the existence of torus invariant almost complex structure
on any positively omnioriented four dimensional primitive quasitoric orbifold. We
construct pseudo-holomorphic blowdown maps for such orbifolds. We prove a
version of McKay correspondence when the blowdowns are crepant.
1. Introduction
Quasitoric orbifolds are generalizations or topological counterparts of simplicial
projective toric varieties. They admit an action of the real torus of half dimension
such that the orbit space has the combinatorial type of a simple convex polytope.
Davis and Januskiewicz [4], who introduced the notion of quasitoric space, showed
that the formula for the cohomology ring of a quasitoric manifold, and hence of any
nonsingular projective toric variety, may be deduced by purely algebraic topology
methods. This was generalized to the orbifold case in [10].
In general quasitoric manifolds do not have integrable or almost complex structure.
However, they always have stable almost complex structure. Moreover, positively
omnioriented quasitoric manifolds have been known to have an almost complex struc-
ture, see [2]. It was recently proved by Kustarev [6, 7] that any positively omniori-
ented quasitoric manifold has an almost complex structure which is torus invariant.
We extend his result to four dimensional primitive quasitoric orbifolds, see theorem
3.1. Note that for higher dimensional positively omnioriented quasitoric orbifolds
the existence of an almost complex structure, torus invariant or otherwise, remains
an open problem. We hope to address this in future.
Inspired by birational geometry of toric varieties, we introduce the notion of blow-
down into the realm of quasitoric orbifolds. Our blowdown maps contract an em-
bedded orbifold sphere (exceptional sphere) to a point. They admit a description in
terms of a finite collection of coordinate charts, very much in the spirit of toric ge-
ometry. These maps are torus invariant, continuous and diffeomorphism of orbifolds
away from the exceptional sphere, see theorem 4.1. However they are not morphisms
of orbifolds near the exceptional sphere. For a blowdown map between two primitive
positively omnioriented quasitoric orbifolds of dimension four (see remark 2.1 and
subsection 2.7 for definitions), we can choose almost complex structures on them so
that the blowdown is an analytic map near the exceptional sphere and an almost
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complex morphism of orbifolds away from it, see theorem 4.2. We explain in corol-
lary 4.3 that the blowdown is a pseudo-holomorphic map in the sense that it pulls
back invariant pseudo-holomorphic functions to similar functions.
We restrict our study to the case where the exceptional sphere has at most one
orbifold singularity. Any singularity on a 4-dimensional primitive positively omnior-
iented quasitoric orbifold may be resolved by a sequence of blowdowns of this type.
However as our method for studying pseudo-holomorphicity of blowdowns is not very
amenable to induction, we leave the the study of such a sequence of blowdowns for
future work.
An immediate consequence of the existence of an almost complex structure is
that Chen-Ruan orbifold cohomology [3] is defined. We define when an almost
complex blowdown is crepant, see definition 5.2. We prove that the Betti numbers
of orbifold cohomology are preserved under a crepant blowdown. This is a form of
McKay correspondence. Such correspondence has been widely studied for algebraic
orbifolds.
Masuda [8] proved the existence of invariant almost complex structure on posi-
tively omnioriented four dimensional quasitoric manifolds, many of which are not
toric varieties. This shows that our results are not redundant. We give explicit ex-
amples in the last section. In fact, using blowdown we can construct almost complex
quasitoric orbifolds that are not toric varieties.
We refer the reader to [1] for relevant definitions and results regarding orbifolds.
2. Preliminaries
Many results of this section are part of folklore. However to set up our notation
and due to lack of a good reference, we give an explicit description.
2.1. Definition. Let N be a free Z-module of rank 2. Let TN := (N ⊗Z R)/N ∼=
R2/N be the corresponding 2-dimensional torus. A primitive vector in N , modulo
sign, corresponds to a circle subgroup of TN . More generally, suppose M is a free
submodule of N of rank m. Then TM := (M ⊗Z R)/M is a torus of dimension m.
Moreover there is a natural homomorphism of Lie groups ξM : TM → TN with finite
kernel, induced by the inclusion M →֒ N .
Definition 2.1. Define T (M) to be the image of TM under ξM . If M is generated
by a vector λ ∈ N , denote T (M) by T (λ).
Definition 2.2. [10] A 4-dimensional quasitoric orbifold Y is an orbifold whose
underlying topological space Y has a TN action, where N is a fixed free Z-module of
rank 2, such that the orbit space is (diffeomorphic to) a 2-dimensional polytope P .
Denote the projection map from Y to P by π : Y → P . Furthermore every point
x ∈ Y has
A1) a TN -invariant neighborhood V ,
A2) an associated free Z-module M of rank 2 with an isomorphism θ : TM →
U(1)2 and an injective module homomorphism i : M → N which induces a
surjective covering homomorphism ξM : TM → TN ,
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A3) an orbifold chart (V˜ , G, ξ) over V , where V˜ is θ-equivariantly diffeomorphic
to an open set in C2, G = kerξM and ξ : V˜ → V is an equivariant map i.e.
ξ(t · y) = ξM(t) · ξ(y) inducing a homeomorphism between V˜ /G and V .
Fix N . Let P be a convex polytope in R2 with edges Ei, i ∈ E := {1, 2, . . . , m}.
Identify the set of edges with E . A function Λ : E → N is called a characteristic
function for P if Λ(i) and Λ(j) are linearly independent whenever Ei and Ej meet
at a vertex of P . We write λi for Λ(i) and call it a characteristic vector.
Remark 2.1. In this article we assume that all characteristic vectors are primitive.
Corresponding quasitoric orbifolds have been termed primitive quasitoric orbifold in
[10]. They are characterized by the codimension of singular set being greater than or
equal to four.
Let Λ be a characteristic function for P . For any face F of P , let N(F ) be the
submodule of N generated by {λi : F ⊂ Ei}. For any point p ∈ P , denote by F (p)
the face of P whose relative interior contains p. Define an equivalence relation ∼ on
the space P × TN by
(2.1) (p, t) ∼ (q, s) if and only if p = q and s−1t ∈ T (N(F (p)))
The quotient space X := P ×TN/ ∼ can be given the structure of a 4-dimensional
quasitoric orbifold. Moreover any 4-dimensional primitive quasitoric orbifold may
be obtained in this way, see [10]. We refer to the pair (P,Λ) as a model for the
quasitoric orbifold.
The space X inherits an action of TN with orbit space P from the natural action
on P × TN . Let π : X → P be the associated quotient map. The space X is a
manifold if the characteristic vectors λi and λj form a Z-basis of N whenever the
edges Ei and Ej meet at a vertex.
The points π−1(v) ∈ X , where v is any vertex of P , are fixed by the action of TN .
For simplicity we will denote the point π−1(v) by v when there is no confusion.
2.2. Differentiable structure. Consider open neighborhoods Uv ⊂ P of the ver-
tices v such that Uv is the complement in P of all edges that do not contain v.
Let
(2.2) Xv := π
−1(Uv) = Uv × TN/ ∼
For a face F of P containing v there is a natural inclusion of N(F ) in N(v). It
induces an injective homomorphism TN(F ) → TN(v) since a basis of N(F ) extends to
a basis of N(v). We will regard TN(F ) as a subgroup of TN(v) without confusion.
Define an equivalence relation ∼v on Uv × TN(v) by (p, t) ∼v (q, s) if p = q and
s−1t ∈ TN(F ) where F is the face whose relative interior contains p. Then the space
(2.3) X˜v := Uv × TN(v)/ ∼v
is θ-equivariantly diffeomorphic to an open ball in C2, where θ : TN(v) → U(1)2 is an
isomorphism, see [4]. This is also evident from the discussion on local models below.
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The map ξN(v) : TN(v) → TN induces a map ξv : X˜v → Xv defined by ξv([(p, t)]∼v) =
[(p, ξN(v)(t))]
∼ on equivalence classes. The kernel of ξN(v), Gv = N/N(v), is a finite
subgroup of TN(v) and therefore has a natural smooth, free action on TN(v) induced
by the group operation. This induces smooth action of Gv on X˜v. This action is not
free in general. Since TN ∼= TN(v)/Gv, Xv is homeomorphic to the quotient space
X˜v/Gv. An orbifold chart (or uniformizing system) on Xv is given by (X˜v, Gv, ξv).
Up to homeomorphism we may regard the set Uv as a cone σ(v) with the same
edges as Uv. The neighborhood Xv is then homeomorphic to σ(v)× TN/ ∼. We say
that a local model for X near v consists of a cone σ and characteristic vectors, say,
λ1, λ2 along its edges E1 and E2.
Let p1, p2 denote the standard coordinates on R
2 ⊃ P . Let q1, q2 be the coordinates
on N ⊗ R with respect to the standard basis of N . They correspond to standard
angular coordinates on TN . The local model where σ = R
2
≥ := {(p1, p2) ∈ R2 : pi ≥
0} and the characteristic vectors are (1, 0) along p1 = 0 and (0, 1) along p2 = 0 is
called standard. In this case there is a homeomorphism from the R2≥ × TN/ ∼ to
C2 = R4 given by
(2.4) xi =
√
pi cos(2πqi), yi =
√
pi sin(2πqi) where i = 1, 2.
For any cone σ(v) ⊂ R2 with arbitrary characteristic vectors we will define a
canonical homeomorphism φ(v) : X˜v → R4 as follows. Order the edges E1, E2 of σ(v)
so that the clockwise angle from E1 to E2 is less than 180
◦. Denote the coordinates of
the vertex v by (α, β). Let the equations of the edge Ei be ai(p1−α)+bi(p2−β) = 0.
Assume that the interior of σ(v) is contained in the half-plane ai(p1−α)+bi(p2−β) ≥
0. Suppose λ1 = (c11, c21) and λ2 = (c12, c22) be the characteristic vectors assigned
to E1 and E2 respectively. If q1(v), q2(v) are angular coordinates of an element of
TN with respect to the basis λ1, λ2 of N ⊗ R, then the standard coordinates q1, q2
may be expressed as
(2.5)
(
q1
q2
)
=
[
c11 c12
c21 c22
](
q1(v)
q2(v)
)
.
Then define the homeomorphism φ(v) : X˜v → R4 by
(2.6)
xi = xi(v) :=
√
pi(v) cos(2πqi(v)), yi = yi(v) :=
√
pi(v) sin(2πqi(v)) for i = 1, 2
where
(2.7) pi(v) = ai(p1 − α) + bi(p2 − β), i = 1, 2.
Similar homeomorphism has been used in [11].
Now consider the action of Gv = N/N(v) on X˜v. An element of Gv is represented
by a vector g = a1λ1 + a2λ2 in N where a1, a2 ∈ Q. The action of g transforms the
coordinates (q1(v), q2(v)) to (q1(v) + a1, q2(v) + a2). If we write zi = xi +
√−1yi,
then
(2.8) g · (z1, z2) = (e2pi
√−1a2z1, e
2pi
√−1a1z2)
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Since λ1 and λ2 are both primitive, neither of a1, a2 is an integer. Therefore the only
orbifold singularity on Xv is at the point with coordinates z1 = z2 = 0, namely the
vertex v.
We show the compatibility of the charts (X˜v, Gv, ξv). Let v1 and v2 be two adjacent
vertices. Assume that edges E1, E2 meet at v1 and edges E2, E3 meet at v2. Let λi
be the characteristic vector corresponding to Ei. Since all characteristic vectors
are primitive, we may assume without loss of generality that λ1 = (1, 0). Suppose
λ2 = (a, b) and λ3 = (c, d). Let ∆ = ad− bc.
Up to choice of coordinates we may assume that the edge E1 has equation p1 = 0,
the edge E3 has equation p2 = 0, and the edge E2 has equation p̂ = 0. Here
p̂ = p2 + sp1 − t where s and t are positive reals. We assume that the quantities
p1, p2 and p̂ are positive in the the interior of the polytope.
We shall write down explicit coordinates on X˜vi . For this purpose it is convenient
to express all angular coordinates in terms of (q1, q2) by inverting equation (2.5).
(2.9)
(
q1(v)
q2(v)
)
=
[
d11 d12
d21 d22
](
q1
q2
)
where the matrix (dij) is the inverse of the matrix (cij). Then by equations (2.6),
(2.7), (2.9) we have the following expressions for coordinates zi(vj) := xi(vj) +√−1yi(vj) on X˜vj .
(2.10)
z1(v1) :=
√
p1e
2pi
√−1(q1− ab q2), z2(v1) :=
√
p̂e2pi
√−1 1
b
q2
z1(v2) :=
√
p̂e2pi
√−1 dq1−cq2
∆ , z2(v2) :=
√
p2e
2pi
√−1(−bq1+aq2
∆
)
The coordinates on X˜v2 are related to those on X˜v1 over the intersection Xv1
⋂
Xv2
as follows.
(2.11) z1(v2) = z1(v1)
d
∆ z2(v1)
√
p1
−d
∆ , z2(v2) = z1(v1)
−b
∆
√
p2
√
p1
b
∆
Take any point x ∈ Xv1
⋂
Xv2 . Let x˜ be a preimage of x with respect to ξv1 .
Choose a small ball B(x˜, r) around x˜ such that (g · B(x˜, r))⋂B(x˜, r) is empty for
all nontrivial g ∈ Gv1 . Then (B(x˜, r), {1}, ξv1) is an orbifold chart around x. This
chart admits natural embedding (or injection) into the chart (X˜v1 , Gv1 , ξv1) given
by inclusion. We show that for sufficiently small value of r, this chart embeds into
(X˜v2 , Gv2 , ξv2) as well. Choose a branch of z1(v1)
1
∆ so that the branch cut does not
intersect B(x˜, r). Assume r to be small enough so that the functions z1(v1)
d
∆ and
z1(v1)
b
∆ are one-to-one on B(x˜, r). Then equation (2.11) defines a smooth embedding
ψ of B(x˜, r) into X˜v2 . Note that p1 and p2 are smooth nonvanishing functions on
ξ−1v1 (Xv1
⋂
Xv2) . Assume r to be small enough so that (h · ψ(B(x˜, r)))
⋂
ψ(B(x˜, r))
is empty for all h in Gv2 . Then (ψ, id) : (B(x˜, r), {1}, ξv1) → (X˜v2 , Gv2 , ξv2) is an
embedding of orbifold charts.
Remark 2.2. We will denote the topological space X endowed with the above orbifold
structure by X. In general we denote the underlying space of an orbifold Y by Y .
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We denote the set of smooth points of Y , i.e. points having trivial local group, by
Yreg.
Remark 2.3. The equivariant homeomorphism or diffeomorphism type of a qua-
sitoric orbifold does not depend on the choice of signs of the characteristic vectors.
However these signs do effect the local complex structure on the coordinate charts
obtained via the pullback of the standard complex structure on C2/Gv. A theorem
of Prill [9] proves that the analytic germ of singularity at v is characterized by the
linearized action of Gv.
The following lemma shows that the orbifold structure on X does not depend on
the shape of the polytope P .
Lemma 2.4. Suppose X and Y are four dimensional quasitoric orbifolds whose
orbit spaces P and Q are diffeomorphic and the characteristic vector of any edge of
P matches with the characteristic vector of the corresponding edge of Q. Then X
and Y are equivariantly diffeomorphic.
Proof. Pick any vertex v of P . For simplicity we will write pi for pi(v), and qi for
qi(v). Suppose the diffeomorphism f : P1 → P2 is given near v by f(p1, p2) = (f1, f2).
It induces a map of local charts X˜v → Y˜f(v) by
(2.12) (
√
pi cos(qi),
√
pi sin(qi)) 7→ (
√
fi cos(qi),
√
fi sin(qi)) for i = 1, 2.
This is a smooth map if the functions
√
fi/pi are smooth functions of p1, p2. Without
loss of generality let us consider the case of
√
f1/p1. We may write
(2.13) f1(p1, p2) = f1(0, p2) + p1
∂f1
∂p1
(0, p2) + p
2
1g(p1, p2)
where g is smooth, see section 8.14 of [5]. Note that f1(0, p2) = 0 as f maps the
edge p1 = 0 to the edge f1 = 0. Then it follows from equation (2.13) that f1/p1 is
smooth. We have
(2.14)
f1
p1
=
∂f1
∂p1
(0, p2) + p1g(p1, p2)
Note that f1
p1
is nonvanishing away from p1 = 0. Moreover we have
(2.15)
f1
p1
=
∂f1
∂p1
(0, p2) when p1 = 0.
Since f1(0, p2) is identically zero,
∂f1
∂p2
(0, p2) = 0. As the Jacobian of f is nonsingular
we must have
(2.16)
∂f1
∂p1
(0, p2) 6= 0
Thus f1
p1
is nonvanishing even when p1 = 0. Consequently
√
f1/p1 is smooth. There-
fore the map (2.12) is smooth and induces an isomorphism of orbifold charts. 
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2.3. Torus action. An action of a groupH on an orbifoldY is an action ofH on the
underlying space Y with some extra conditions. In particular for every sufficiently
small H-stable neighborhood U in Y with uniformizing system (U˜ , G, ξ), the action
should lift to an action of H on U˜ that commutes with the action of G. The TN -
action on the underlying topological space of a quasitoric orbifold does not lift to an
action on the orbifold in general.
2.4. Metric. Any cover of X by TN -stable open sets induces an open cover of P .
Choose a smooth partition of unity on the polytope P subordinate to this induced
cover. Composing with the projection map π : X → P we obtain a partition of
unity on X subordinate to the given cover, which is TN -invariant. Such a partition
of unity is smooth as the map π is smooth, being locally given by maps pj = x
2
j +y
2
j .
Definition 2.3. By a torus invariant metric on X we will mean a metric on X
which is TN(v)-invariant in some neighborhood of each vertex v and TN -invariant on
Xreg.
For instance, choose a TN(v)-invariant metric on each X˜v. Then using a partition
of unity as above we can define a metric on X. Such a metric is TN -invariant on
Xreg. We use variants of this construction in what follows.
2.5. Characteristic suborbifolds. The TN -invariant subset π
−1(E), where E is
any edge of P , is a suborbifold of X. It is called a characteristic suborbifold. Topo-
logically it is a sphere. It can have orbifold singularity only at the two vertices. If λ
is the characteristic vector attached to E, then π−1(E) is fixed by the circle subgroup
T (λ) of TN . A characteristic suborbifold is a quasitoric orbifold, see [10].
2.6. Orientation. Consider the manifold case first. Note that for any vertex v
dpi(v) ∧ dqi(v) = dxi(v) ∧ dyi(v). Therefore ω(v) := dp1(v) ∧ dp2(v) ∧ dq1(v) ∧
dq2(v) equals dx1(v)∧dx2(v)∧dy1(v)∧dy2(v). The standard coordinates (p1, p2) are
related to (p1(v), p2(v)) by a diffeomorphism. Similarly for (q1, q2) and (q1(v), q2(v)).
Therefore ω := dp1 ∧ dp2 ∧ dq1 ∧ dq2 is a nonzero multiple of each ω(v) and defines a
nonvanishing form on X . Thus a choice of orientations for P ⊂ R2 and TN induces
an orientation for X .
In the orbifold case the action of Gv on X˜v, see equation (2.8), preserves ω(v) for
each vertex v as dxi(v) ∧ dyi(v) =
√−1
2
dzi(v) ∧ dzi(v). Hence the same conclusion
holds.
2.7. Omniorientation. An omniorientation is a choice of orientation for the orb-
ifold as well as an orientation for each characteristic suborbifold. At any vertex
v, the Gv-representation T0X˜v splits into the direct sum of two Gv-representations
corresponding to the linear subspaces zi(v) = 0. Thus we have a decomposition of
the orbifold tangent space TvX as a direct sum of tangent spaces of the two char-
acteristic suborbifolds that meet at v. Given an omniorientation, we set the sign of
a vertex v to be positive if the orientations of Tv(X) determined by the orientation
of X and orientations of characteristic suborbifolds coincide. Otherwise we say that
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sign of v is negative. An omniorientation is then said to be positive if each vertex
has positive sign.
Note that the normal bundle of any characteristic suborbifold is naturally oriented
by the action of its isotropy circle. The action and hence the orientation depends on
the sign of the characteristic vector. Thus for a fixed orientation on X an omnior-
ientation is determined by a choice of sign for each characteristic vector. Assume
henceforth that X is oriented via standard orientations on P and TN . Then an om-
niorientation on X is positive if the matrix of adjacent characteristic vectors, with
clockwise ordering of adjacent edges, has positive determinant at each vertex.
3. Almost complex structure
Kustarev [6] showed that the obstruction to existence of a torus invariant almost
complex structure on a quasitoric manifold, which is furthermore orthogonal with
respect to a torus invariant metric, reduces to the obstruction to its existence on a
section of the orbit map. We use the same principle here for 4-dimensional quasitoric
orbifolds. The obstruction theory for orbifolds in higher dimensions seems to be more
complicated.
Let X be a positively omnioriented 4-dimensional primitive quasitoric orbifold.
Definition 3.1. We say that an almost complex structure on X is torus invariant
if it is TN(v)-invariant in some neighborhood of each vertex v and TN -invariant on
Xreg.
Denote the set of all i-dimensional faces of P by ski(P ). We refer to π
−1(ski(P ))
as the i-th skeleton of X . We fix an embedding ι : P −→ X that satisfies
(3.1)
π ◦ ι = id and
ι|int(G) is smooth for any face G ⊂ P.
A choice of ι is given by the composition P
i→ P × TN j→ X where i is the inclusion
given by i(p1, p2) = (p1, p2, 1, 1) and j is the quotient map that defines X .
We also fix a torus invariant metric µ on X as follows. Choose an open cover
of P such that each vertex of P has a neighborhood which is contained in exactly
one open set of the cover. This induces a cover of X . On each open set Wv of this
cover, corresponding to the vertex v, choose the standard metric with respect to the
coordinates in (2.6). On the remaining open sets, choose any TN -invariant metric.
Then use a TN -invariant partition of unity, subordinate to the cover, to glue these
metrics and obtain µ.
Theorem 3.1. There exists a torus invariant almost complex structure J on X such
that J is orthogonal with respect to µ.
Proof. Choose small orbifold charts (X˜ ′v, Gv, ξv) around each vertex v where X
′
v ⊂
Wv. Choose coordinates xi(v), yi(v), i = 1, 2 on X˜
′
v according to (2.6). Declare
zi(v) = xi(v) +
√−1yi(v). Choose the standard complex structure Jv on X˜ ′v with
respect to these coordinates, i.e. z1(v), z2(v) are holomorphic coordinates under Jv.
Since Jv commutes with action of TN(v) and Gv is a subgroup of TN(v), we may regard
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Jv as a torus invariant complex structure on a neighborhood of v in the orbifold X.
Note that these local complex structures are orthogonal with respect to µ near the
vertices.
We will first construct an almost complex structure on the first skeleton of X that
agrees with the above local complex structures. Let E be any edge of P . Suppose
E joins the vertices u and v. Assume that λ is the characteristic vector attached
to E. The characteristic suborbifold corresponding to E is an orbifold sphere which
we denote by S2. Let ν denote the orbifold normal bundle to S2 in X. This is an
orbifold line bundle with action of T (λ), see definition 2.1.
Take any x ∈ S2. Observe, after lemma 3.1 of [6], that νx and TxS2 are orthogonal
with respect to µ. This may be verified as follows. Take any nonzero vectors η1 ∈ νx
and η2 ∈ TxS2. Let θ be an element of T (λ) that acts on νx as multiplication by −1.
Since T (λ) acts trivially on TxS2, we have
µ(η1, η2) = µ(θ · η1, η2) = µ(−η1, η2) = 0.
Thus we may split the construction of an orthogonal J into constructions of orthog-
onal almost complex structures on ν and T S2.
Define the restriction of J to ν as rotation by the angle pi
2
with respect to the metric
µ in the counterclockwise direction as specified by the orientation of ν obtained from
the T (λ) action. Then J |ν is torus invariant as µ is preserved by torus action.
Recall that the space of all orthogonal complex structures on the oriented vector
space R2 is parametrized by SO(2)/U(1) which is a single point. We orient T S2
according to the given omniorientation. Consider the path ι(E) ∈ S2 given by the
embedding ι in (3.1). Since this path is contractible, the restriction of T S2 on it is
trivial. Thus there is a canonical choice of an orthogonal almost complex structure
on T S2|ι(E). We want this structure to agree with the complex structures Ju|T S2 and
Jv|T S2 near the vertices, chosen earlier. This is possible since the omniorientation is
positive. Then we use the torus action to define J |T S2 on each point x in S2. Find
y in ι(E) and θ ∈ TN/T (λ) such that x = θ · y. Then define J(x) = dθ ◦ J(y) ◦ dθ−1.
This completes the construction of a torus invariant orthogonal J on the 1-skeleton
of X.
Choose a simple loop γ in P that goes along the edges for the most part but
avoids the vertices. By the previous step of our construction, J is given on ι(γ).
Let D be the disk in P bounded by γ. The set X0 := π
−1(D) ⊂ X is a smooth
manifold with boundary. The restriction of T X0 to ι(D) is a trivial vector bundle.
Fix a trivialization. Recall that the space of all orthogonal complex structures on
oriented vector space R4, up to isomorphism, is homeomorphic to SO(4)/U(2). This
is a simply connected space. Thus J may be extended from ι(γ) to ι(D). Then we
produce a TN -invariant orthogonal J on T X0 by using the TN action as in the last
paragraph. This completes the proof. 
4. Blowdown
Our blowdown is analogous to partial resolution of singularity in complex geom-
etry. Topologically it is an inverse to the operation of connect sum with a complex
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2-dimensional weighted projective space. At the combinatorial level, it corresponds
to deletion of an edge and its characteristic vector. To be precise, the polytope is
modified by removing one edge and extending its neighboring edges till they meet
at a new vertex, using lemma 2.4 if necessary.
Suppose the orbifold X corresponds to the model (P,Λ). Suppose the edge E2
of P is deleted and the neighboring edges E1 and E3 are extended produce a new
polytope P̂ . Denote the characteristic vector attached to the edge Ei by λi. Assume
that λ1 and λ3 are linearly independent. Then P̂ inherits a characteristic function Λ̂
from Λ. Let Y be the orbifold corresponding to the model (P̂ , Λ̂). We only consider
the case where at least one of the vertices of E2 correspond to a smooth point of X.
Then there exists a continuous TN -invariant map of underlying topological spaces
ρ : X → Y called a blowdown. This map contracts the sphere π−1(E2) ⊂ X to a
point in the image and it is a diffeomorphism away from this sphere. The sphere
π−1(E2) is called the exceptional set.
The blowdown is not an orbifold morphism near the exceptional set as it cannot
be lifted locally to a continuous equivariant map on orbifold charts. This is not
surprising as it also happens for resolution of quotient singularities in algebraic
geometry. However we can give a neighborhood of the exceptional set an analytic
structure such that the blowdown is analytic in this neighborhood. We can extend
these local complex structures on X and Y to almost complex structures so that
the blowdown map is an almost complex diffeomorphism of orbifolds away from the
exceptional set. Moreover the blowdown is a J-holomorphic map in a natural sense
described in corollary 4.3.
Theorem 4.1. If det[λ1, λ2] = 1 and 0 < det[λ2, λ3] ≤ det[λ1, λ3], then there exists a
continuous map ρ : X → Y which is a diffeomorphism away from the set π−1(E2) ⊂
X.
Proof. Let v1 and v2 be the vertices of P corresponding to E1
⋂
E2 and E2
⋂
E3
respectively. Let w be the vertex of P̂ where the extended edges E1 and E3 meet.
Up to change of basis of N we may assume that λ1 = (1, 0), λ2 = (0, 1), and
λ3 = (−k,m) where 0 < k ≤ m are positive integers. Then v1 is a smooth point in
X, but v2 is a possibly singular point in X with local group Zk. The point w in Y
has local group Zm.
Up to choice of coordinates, the equations of the sides E1 and E3 may be assumed
to be p1 = 0 and p2 = 0 respectively. Suppose the equation of E2 is p̂ := p2+sp1−t =
0 where s and t are positive constants.
Choose small positive numbers ǫ1 < ǫ2 < 1 and a non-decreasing function δ :
[0,∞)→ R which is smooth away from 0 such that
(4.1) δ(t) =
{
t
1
m if t < ǫ1
1 if t > ǫ2
The blow down map ρ : (P × TN/ ∼)→ (P̂ × TN/ ∼) may be defined by
(4.2) ρ(p1, p2, q1, q2) = (δ(p̂)
kp1, δ(p̂)p2, q1, q2)
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It is enough to study the map ρ in the open sets Xv1 and Xv2 , as it is identity
elsewhere. The coordinates on X˜v1 , X˜v2 and Y˜w are
(4.3)
z1(v1) :=
√
p1e
2pi
√−1(q1), z2(v1) :=
√
p̂e2pi
√−1q2
z1(v2) :=
√
p̂e2pi
√−1mq1+kq2
k , z2(v2) :=
√
p2e
2pi
√−1(−q1
k
)
z1(w) :=
√
r1e
2pi
√−1mq1+kq2
m , z2(w) :=
√
r2e
2pi
√−1 q2
m .
For questions related to smoothness, it is convenient to describe (lift of) ρ in terms
of these coordinates. The formulas that follow make sense on suitable (small) open
sets in the complement of the exceptional sphere or its image (and with choice of
branch of roots), although we may sometimes neglect to explicitly say so for the sake
of brevity.
The restriction ρ : Xv1 → Yw is given by
(4.4) z1(w) = z1(v1)z2(v1)
k
m
√
δ(p̂)k
p̂
k
m
, z2(w) = z2(v1)
1
m
√
δ(p̂)p2
p̂
1
m
.
The function p2 is nonzero on Xv1 whereas the functions δ(p̂) and p̂ and z2(v1)
are smooth and nonvanishing away from p̂ = 0. Hence ρ is a smooth map on
Xv1
⋂
π−1(E2)c. To show that ρ is a diffeomorphism away from the exceptional set
we exhibit a suitable inverse map ρ−1. The map ρ−1 : ρ(Xv1)
⋂{(0, 0)}c → Xv1 is
given by
(4.5) z1(v1) =
z1(w)
z2(w)k
√
rk2
(δ(p̂))k
, z2(v1) = z2(w)
m
√
p̂
rm2
.
Note that r2 is a smooth function of x2(w) and y2(w). Moreover r2 = p2δ(p̂) does
not vanish on ρ(Xv1) − {(0, 0)}. Hence z2(w) does not vanish on this set either.
Same holds for the functions p̂ and δ(p̂). It only remains to show that p̂ is a smooth
function of xi(w)s and yj(w)s.
The map f : P → P̂ given by (r1, r2) = (δ(p̂)kp1, δ(p̂)p2) has Jacobian
(4.6) J(f) =

 δ(p̂)k + skp1δ(p̂)k−1δ′(p̂) kp1δ(p̂)k−1δ′(p̂)
sp2δ
′(p̂) δ(p̂) + p2δ′(p̂)


Since det(J(f)) = δ(p̂)k+1+ δ(p̂)kδ′(p̂)(p2+ skp1) > 0, f is a diffeomorphism away
from p̂ = 0. Thus away from (r1, r2) = (0, 0), p1 and p2 are smooth functions of
(r1, r2). Hence p̂ = p2 + sp1 − t is also a smooth function of r1 and r2 away from
the origin. Consequently p̂ is a smooth function of xi(w)s and yj(w)s away from the
origin.
Similarly the blowdown map restriction ρ : Xv2 → Yw given by
(4.7) z1(w) = z1(v2)
k
m
√
(δ(p̂))kp1
p̂
k
m
, z2(w) = z1(v2)
1
mz2(v2)
√
δ(p̂)
p̂
1
m
,
is smooth on Xv2
⋂
π−1(E2)c as the functions p1, p̂ and z1(v2) are nonvanishing there.
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The map ρ−1 : ρ(Xv2)
⋂{(0, 0)}c → Xv2 is given by
(4.8) z1(v2) =
z2(w)
z1(w)1/k
√
r
1
k
1
δ(p̂)
, z1(v2) = z1(w)
m
k
√
p̂
r
m
k
1
The diffeomorphism argument is same as in the case of the vertex v1. This completes
the proof. 
Theorem 4.2. Suppose X and Y are positively omnioriented quasitoric orbifolds
and ρ : X → Y a blowdown map as constructed above. Then we may choose torus
invariant almost complex structures J1 on X and J2 on Y with respect to which ρ is
analytic near the exceptional set and almost complex orbifold morphism away from
the exceptional set.
Proof. We use the notation of theorem 4.1. It is convenient to make the following
changes of coordinates. On the chart X˜v1 , define (compare to equation (4.3)),
(4.9) z′1(v1) = z1(v1)
√
1
pk2
, z′2(v1) = z2(v1)
√
δ(p̂)mpm2
p̂
.
This is a valid change of coordinates since δ(p̂)
m
p̂
and p2 are nonzero. In these coor-
dinates the map ρ : Xv1 → Yw takes the form
(4.10) z1(w) = z
′
1(v1)z
′
2(v1)
k
m , z2(w) = z
′
2(v1)
1
m .
Similarly on the chart X˜v2 we choose new coordinates as follows,
(4.11) z′1(v2) = z1(v2)
√
δ(p̂)mp
m
k
1
p̂
, z′2(v2) = z2(v2)
√
p
− 1
k
1 .
In these coordinates the map ρ : Xv2 → Yw takes the form
(4.12) z1(w) = z
′
1(v2)
k
m , z2(w) = z
′
1(v2)
1
mz′2(v2).
Let U2 be a small tubular neighborhood of the edge E2 in P . Choose com-
plex structures on π−1(U2) ∩ Xv1 and π−1(U2) ∩ Xv2 by declaring the coordinates
z′1(v1), z
′
2(v1) and respectively z
′
1(v2), z
′
2(v2) to be holomorphic. These complex struc-
tures agree on the intersection and define a complex structure J1 on π
−1(U2) since
the coordinates are related as follows.
(4.13) z′1(v2) = z
′
1(v1)
m
k z′2(v1) z
′
2(v2) = z
′
1(v1)
− 1
k .
Consider the neighborhood V := f(U2) in P̂ . On π
−1(V ) ⊂ Yw choose a complex
structure J2 by declaring the coordinates z1(w), z2(w) to be holomorphic. Conse-
quently by equations (4.10) and (4.12), the blowdown map ρ is analytic on π−1(U2).
We will extend J1 to an almost complex structure on X. For this purpose choose
standard metrics µj, with respect to the coordinates (z
′
1(vj), z
′
2(vj)), on π
−1(U2)∩Xvj
for j = 1, 2. Let {W1,W2} be an open cover of U2 such that vj ∈ Wj andW cj contains
a neighborhood of vk for j, k = 1, 2 and j 6= k. Glue µ1 and µ2 by a torus invariant
partition of unity subordinate to the cover {π−1(W1), π−1(W2)}. This produces a
metric µ′ on π−1(U2) such that J1 is orthogonal with respect to µ′. Moreover µ′ is
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standard with respect to the given coordinates near v1 and v2. Let U ⊂ U2 be a
smaller tubular neighborhood of E2 in P . Using suitable partition of unity, extend
µ′|U to a torus invariant metric µ on X such that µ is standard with respect to our
choice of coordinates near each vertex. Then extend J1|U first to the union of the
1-skeleton of X and π−1(U), and then to entire X as a torus invariant orthogonal
almost complex structure. This can be done in a way similar to the proof of theorem
3.
Now X
⋂
π−1(E2)c is diffeomorphic to Y
⋂{w}c via the blowdown map. Thus
J ′2 := dρ ◦ J1 ◦ dρ−1 is an almost complex structure on Y
⋂{w}c. We have the
following equalities for a point in the intersection (Y
⋂{w}c)⋂π−1(f(U)).
(4.14) J2 = (dρ)(dρ)
−1J2 = (dρ)J1(dρ)
−1 = J ′2
The second equality is due to complex analyticity of ρ−1 on π−1(f(U))
⋂{w}c. So
the two structures are the same and we obtain a torus invariant almost complex
structure on Y, which we denote again by J2 without confusion. The blowdown
ρ is an almost complex diffeomorphism of orbifolds away from the exceptional set
π−1(E2) ⊂ X and the point w ∈ Y with respect to J1 and J2. It is an analytic map
of complex analytic spaces near π−1(E2) and w. 
Definition 4.1. A complex valued continuous function f : X → C on an orbifold
X is called smooth if f ◦ ξ is smooth for any orbifold chart (U˜ , G, ξ). We denote the
sheaf of smooth functions on X by SX . This is a sheaf on the underlying space X
but depends on the orbifold structure. A smooth function f on an almost complex
orbifold (X, J) is said to be J-holomorphic if the differential d(f ◦ ξ) commutes with
J for every chart (U˜ , G, ξ). We denote the sheaf of J-holomorphic functions on X
by Ω0J,X . A continuous map ρ : X → Y between almost complex orbifolds (X, J1)
and (Y, J2) is said to be pseudo-holomorphic if f ◦ ρ ∈ Ω0J1,X(ρ−1(U)) for every
f ∈ Ω0J2,Y (U) for any open set U ⊂ Y ; that is, ρ pulls back pseudo-holomorphic
functions to pseudo-holomorphic functions.
Corollary 4.3. The blowdown map ρ of theorem 4.1 is pseudo-holomorphic with
respect to the almost complex structures given in theorem 4.2.
Proof. Since ρ is a an almost complex diffeomorphism of orbifolds away from the
exceptional sphere π−1(E2), it suffices to check the statement on the open sets Xv1
and Xv2 . The ring Ω
0
J1,X
(Xv1) is the ring of convergent power series in variables
z′i(v1) as v1 is a smooth point. The ring Ω
0
J2,Y
(Yw) is the Zm-invariant subring of
convergent power series in variables z′i(w). Let η denote a primitive m-th root of
unity. Then the action of Zm on Y˜w is given by η ·(z1(w), z2(w)) = (ηkz1(w), ηz2(w)),
see (2.8). Therefore the invariant subring is generated by {z1(w)iz2(w)j : m|(ik+j)}.
Using (4.10), we have
(4.15) z1(w)
iz2(w)
j ◦ ρ = z′1(v1)iz′2(v1)
ik+j
m .
When m divides (ik + j), z1(w)
iz2(w)
j ◦ ρ belongs to Ω0J1,X(Xv1).
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Similarly the Zk action on X˜v2 is given by ζ ·(z′1(v2), z′2(v2)) = (ζ
m
k z′1(v2), ζ
−1
k z′2(v2))
where ζ is a primitive k-th root of unity. The ring Ω0J1,X(Xv2) is generated by
{z′1(v2)az′2(v2)b : k|(am− b)}. Using (4.12) we have,
(4.16) z1(w)
iz2(w)
j ◦ ρ = z′1(v2)
ik+j
m z′2(v2)
j .
Since ik+j
m
m − j = ik is divisible by k, z1(w)iz2(w)j ◦ ρ belongs to Ω0J1,X(Xv2) if
z1(w)
iz2(w)
j ∈ Ω0J2,Y (Yw). 
Remark 4.4. The blowdown map ρ does not pull back a smooth function to a smooth
function in general.
5. McKay correspondence
Definition 5.1. Given an almost complex 2n-dimensional orbifold (X, J), we define
the canonical sheaf KX to be the sheaf of continuous (n, 0)-forms on X; that is, for
any orbifold chart (U˜ , G, ξ) over an open set U ⊂ X, KX(U) = Γ(∧nT 1,0(U˜)∗)G
where Γ is the functor that takes continuous sections.
An orbifold singularity Cn/G is said to be SL if G is a finite subgroup of SL(n,C).
For an SL-orbifold X, i.e. one whose singularities are all SL, the canonical sheaf is
a complex line bundle over X .
Definition 5.2. A pseudo-holomorphic blowdown map ρ : X→ Y between two four
dimensional primitive positively omnioriented quasitoric SL orbifolds is said to be
crepant if ρ∗KY = KX .
Lemma 5.1. The orbifold singularities corresponding to the characteristic vectors
λ1 = (1, 0), λ2 = (−k,m) and λ1 = (0, 1), λ2 = (−k,m) are SL if k + 1 = m.
Proof. Consider the case λ1 = (1, 0), λ2 = (1 − m,m). Refer to the description
of the action of the local group in equation (2.8). Any element of this group is
represented by an integral vector a1λ1 + a2λ2. Integrality of such a vector implies
that a1 + a2 − ma2 and ma2 are integers. Hence a1 + a2 is also an integer. This
implies that the group acts as a subgroup of SL(2,C). The other case is similar. 
Lemma 5.2. Suppose X and Y are two 4-dimensional primitive, positively omnior-
iented, quasitoric SL orbifolds and ρ : X → Y is a pseudo-holomorphic blowdown
as constructed in theorems 4.1 and 4.2. Then ρ is crepant if and only if k + 1 = m.
Proof. We consider the canonical sheaf as a sheaf of modules over the sheaf of con-
tinuous functions C0X . Since ρ is an almost complex diffeomorphism away from the
exceptional set it suffices to check the equality of the ρ∗KY and KX on the neigh-
borhood π−1(U) ⊂ X of the exceptional set, defined in proof of theorem 4.2.
On Xv1
⋂
π−1(U), the sheaf KX is generated over the sheaf C0X by the form
dz′1(v1) ∧ dz′2(v1). On the other hand ρ∗(KY ) is generated on this neighborhood
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over C0X by
(5.1)
ρ∗dz1(w) ∧ dz2(w)
= d(z′1(v1)z
′
2(v1)
k
m ) ∧ d(z′2(v1)
1
m )
= z′2(v1)
k
mdz′1(v1) ∧ 1m(z′2(v1))
1
m
−1dz′2(v1)
= 1
m
(z′2)
k+1
m
−1dz′1(v1) ∧ dz′2(v1).
Thus ρ∗KY = KX on Xv1
⋂
π−1(U) if and only if k + 1 = m. Similarly on
Xv2
⋂
π−1(U), the sheaf KX is generated over C0X by the form dz′1(v2)∧ dz′2(v2). On
the other hand ρ∗(KY ) is generated on this neighborhood over C0X by
(5.2)
ρ∗dz1(w) ∧ dz2(w)
= d(z′1(v2)
k
m ) ∧ d(z′1(v2)
1
m z′2(v2))
= k
m
(z′1(v2))
k
m
−1dz′1(v2) ∧ z′1(v2)
1
mdz′2(v2)
= k
m
(z′1(v2))
k+1
m
−1dz′1(v2) ∧ dz′2(v2).
Again ρ∗KY = KX on Xv2
⋂
π−1(U) if and only if k + 1 = m . 
It is easy to construct examples of a positively omnioriented quasitoric SL man-
ifold or orbifold which is not a toric variety and admits a crepant blowdown. For
instance, let X be the quasitoric manifold over a 7-gon with characteristic vectors
(1, 0), (0, 1), (−1, 2), (−2, 3), (1,−2), (0, 1) and (−1,−1). Then X is positively om-
nioriented, primitive and SL. However it is not a toric variety as its Todd genus is
2. The orbifold Y over a 6-gon with characteristic vectors (1, 0), (−1, 2), (−2, 3),
(1,−2), (0, 1) and (−1,−1) is a crepant blowdown of X. Same holds for the orbifold
Z over a 6-gon with characteristic vectors (1, 0), (0, 1), (−2, 3), (1,−2), (0, 1) and
(−1,−1). It may be argued that Y and Z are not toric varieties as otherwise the
blowup X would be a toric variety.
The singular and Chen-Ruan cohomology groups (see [3]) of an almost complex
quasitoric orbifold was calculated in [10]. For a four dimensional primitive positively
omnioriented quasitoric orbifold X, the Chen-Ruan cohomology groups are
(5.3) HdCR(X,Q) =


H0(X,Q) if d = 0
Hd(X,Q)⊕⊕2age(g)=dQ(v, g) if d > 0
Here v varies over vertices of P , g varies over nontrivial elements of the local group
Gv and age(g) is the degree shifting number ι(g) of [3].
The singular cohomology groups of X are
(5.4) Hd(X,Q) ∼=


Q if d = 0, 4⊕
m−2Q if d = 2
0 otherwise
where m denotes the number of edges of P .
Theorem 5.3. Suppose ρ : X→ Y be a pseudo-holomorphic blowdown between four
dimensional primitive positively omnioriented quasitoric manifolds, as constructed in
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theorems 4.1 and 4.2. If ρ is crepant then
dim
(
HdCR(X,Q)
)
= dim
(
HdCR(Y,Q)
)
.
Proof. By formulas (5.3) and (5.4), it suffices to compare the contributions of the
edge E2 and vertices v1, v2 of P to H
d
CR(X,Q) with the contribution of the vertex
w of P̂ to HdCR(Y,Q).
The edge E2 contributes a single generator to H
2
CR(X,Q). The vertex v1 has no
contribution as it is a smooth point and Gv1 is trivial. The group Gv2 is isomorphic
to Zk. Assume ρ is crepant. Then by lemma 5.2 m = k + 1 and the characteristic
vector λ3 = (−k, k + 1). Recall that λ2 = (0, 1). The elements of Gv2 are
(5.5) gp := (−p, 0) = −(k + 1)p
k
λ2 +
p
k
λ3 where 0 ≤ p ≤ k − 1.
By equations (2.8) and (4.11) the action of gp is given by
(5.6) gp (z′1(v2), z
′
2(v2)) =
(
e2pi
√−1(−p− p
k
)z′1(v2), e
2pi
√−1 p
k z′2(v2)
)
.
The degree shifting number
(5.7) age(gp) = (1− p
k
) +
p
k
= 1.
Thus each gp, 1 ≤ p ≤ k − 1, contributes a generator (v2, gp) to H2CR(X,Q).
The characteristic vectors at w are λ1 = (1, 0) and λ3 = (−k, k + 1). The group
Gw ∼= Zk+1 has elements
(5.8) hq := (0, q) =
qk
k + 1
λ1 +
q
k + 1
λ3 where 0 ≤ q ≤ k.
By equations (2.8) the action of hq is given by
(5.9) hq (z1(w), z2(w)) =
(
e2pi
√−1(q− q
k+1
)z1(w), e
2pi
√−1 q
k+1z2(w)
)
.
The degree shifting number
(5.10) age(hq) = (1− q
k + 1
) +
q
k + 1
= 1.
Thus each hq, 1 ≤ q ≤ k, contributes a generator (w, hq) to H2CR(Y,Q).
Hence the contributions of the edge E2 and vertices v1, v2 of P to dimension of
HdCR(X,Q) match the contribution of the vertex w of P̂ to dimension of H
d
CR(Y,Q).

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